We remark that there are several possible approaches to the study of X(P). For example, one can work inductively using skew polynomial rings or one can consider properties of absolute primes. However, the simplest and most effective means seems to be a modification of the usual d-reduction (see [7, Chapter 41) . We show that if I is a standard ideal of K[C;I, then linear identities modulo I can be projected to linear identities in K [d] , where d is the f.c. center of G. Once this is done, the main properties of S(P), for P a standard prime, follow quite easily.
We use the notation of [7] plus several new concepts introduced in [8] . We assume familiarity with basic properties of right Noetherian rings. In this paper, unless otherwise stated, all groups are assumed to be polycyclic-by-finite.
STANDARD IDEALS
We recall some definitions from [8] . Let I be an ideal of K[q. Then we set I+ = {gEG 11 -ggl}.
It follows that I+ is a normal subgroup of G which is in fact the kernel of the homomorphism G -+ K[q/I and that I is the complete inverse image of an ideal f in K[G/I+]. We say that I is faithful if I+ = (1) and that I\is almost faithful if I+ is finite. It is clear that the image 1 of I is a faithful ideal of K[G/I+].
DEFINITION.
An ideal I of K[G] is said to be standard if (i) I = (1 n W(G)I) KGI (ii) In K[A(G)]
is an intersection of almost faithful prime ideals of W(G)I.
Observe that (i) asserts that A = A(G), the f.c. center of G, controls the ideall. Now the reason for studying such ideals I is that the main result of Roseblade in [8] implies that all prime ideals of K[G] are closely related to standard primes, that is to standard ideals which are prime. This will all be discussed later on. In this and the next two sections we will be concerned only with standard ideals. After that we will consider which properties carry over to primes in general.
A few elementary facts are as follows. . (i) If L is an intersection of almost faithful primes, then L is almost faithful.
Furthermore, L is the intersection of its finitely many minimal covering primes and each of these is almost faithful.
(ii) I is almost faithful. Furthermore, In K[A] is the intersection of its finitely many minimal covering primes and each of these is an almost faithful prime of KM.
Proof. (i) Certainly L is semiprime, so L = PI n Pz n ... n P, is the irredundant intersection of its finitely many minimal covering primes PI 9 pz ,'.., P, . Suppose that the numbering is so chosen that PI , Pz ,..., P, are almost faithful and that the rest are not. Now by assumption, L = njQj is an intersection of almost faithful primes. For each j, Qj > L so Qi > Pi for some i. But P,+ _C Qi+ so Pi is almost faithful and i < s. Thus Qi 2 PI n P, n ... n P, and hence L = (J. Qj 1 PI n Pz n ..' n P, . The irredundancy now yields s = n and all the minimal covering primes are almost faithful. Finally, since L C P, , we have L+ 6 PI+ and L is almost faithful. 
If I is a standard ideal, then from I = (I n K[A]) K[G] we see that K[(=1/1 is a crossed product of G/A over the ring K[A]/(I n K[A]
). Now in general the usual A-reduction (see [7, Chapter 41 ) cannot be applied to crossed products. However, here the coefficient ring is not far from being central and because of this the methods do apply. One can better understand the next two lemmas by first looking at the special case in which A(G) = 9'(G), the center of G, and [6] or a neater version, presently unpublished) involves the projection into the subgroup A"(G). H owever, the additional assumption that M is an almost faithful ideal of K [A] implies that At(G) = (1) and hence we are actually projecting into F = K[A]/(I n K [A] ). This is what happens in general. LEMMA 1.2. Let hi: G e U(R) for i = 1, 2 ,..., n be n distinct linear characters (homomorphisms) of G into the group of units of the commutative integral domain R. Furthermore, let 01~ , 01~ ,..., ol, belong to a torsion free left R-module V. Suppose that T is a subset of G and that for all x E T u+, + &(X)% + ..' + h,(x)cc, = 0.
Then either all ai = 0 or there exist g, , g, ,..., g, E G for some jinite m with nzlTgj = 0.
Proof. We proceed by induction on n. If n = 1, then certainly either a1 = 0 or T = O. Suppose now that n > 1 and that ~yr # 0. Since h, # h, there exists g E G with h,(g) # A,(g). Of course, g need not belong to T. Set S = T n Tg-1. IfxESthenxETandxgETsowehave
Subtracting then yields n-1
for all x E S. Since 01~ # 0, h,(g) # h,(g) and V is a torsion free left R-module, we see that the above is a nontrivial relation which holds for all x E S. Hence, by induction, there exist g, , g, ,..., g, E G with fly Sgj = O. Then certainly and the result follows.
If ol E K[G] with OL = C a~ and if S is a subset of G, then the segment of 01 in S is defined to be COES a$. In particular if S = A, then the segment of (y. in d is e(a) where 0:
The following lemma is stated in somewhat more generality than we require.
In fact, in its applications in this paper, we will always take H = G. The more general version can be used to give an alternate proof of some special cases of [S, Lemma lo]. Suppose a E A, . Then since W centralizes A,/2 and A, the commutator x-Qzxa-1 = h,(x) is contained in 2 for all x E W. Indeed .+a~ = h,(x)u and A,: W---f 2 is a homomorphism. To see the latter, let X, y E W. Then h,(xy)a = y-'(x-'ux)y = y-'(h,(x)a)y and since y centralizes A,(x) this yields
Note that if a E A, then Aa = 1. Conversely, if A, = 1, then C,(u) 3_ W and UEA.
We can now begin the proof. Let Observe that x-ryj'ixzk = v mod A is equivalent to &yjx = vz;' mod A so the set of x satisfying this particular equation is either empty or a coset of Cw(yi mod A). Hence S is a finite union of appropriate right cosets of Cw(yj mod A). But Thus we see that all the contribution to this Av segment comes from those a E Supp oli with u E A, . Now for all such a E A, we know that x-lax = h,(x)u where A,: W + Zis a homomorphism. Hence if we multiply out all such products in ~-'ti~x,3~ which yield a Av term and if we group terms with the same homomorphism hi we obtain a formula of the form 4(x)y, + h2(3+2 + .'. + UX)Y, ELV.
Here yr , yz ,. for all x E T. Note that hi(x) E 2 = %(A) so that A&) E R, and in fact AG) is a unit in R, . Once such a d-reduction is obtained, a number of related propositions follow easily as in [7, Chapter 41 . This will be apparent at the beginning of the next two sections and in the concluding result of this section which is given below. PROPOSITION 
THE CENTER OF STANDARD PRIMES
If R is a commutative integral domain which is a K-algebra, then we let t.d. R = t.d. KR denote the transcendence degree of the field of fractions 2(R) over K. Thus t.d. R is either a nonnegative integer or the symbol CO. Since R generates 2(R) over K, we know that t.d. R is the size of a maximal K-algebraically independent subset of R. DEFINITION. If P is a prime ideal of K[G], then we define the center of P, Z(P), to equal T(P) = fWWl/P), the center of the prime ring K[G]/P. Thus T(P) is a K-algebra and a commutative integral domain.
In this section we study the center of a standard prime. To start with, we have the following simple consequence of Lemma 1.3. 
Proof.
For all x E G we have ~1 -lxol E I so Lemma 1.3 yields e(a)1 -e( l)ti E I. Thus 01 = e(a) mod I.
In other words, the problem of studying the center of a standard prime has now been reduced to d(G). Therefore, we first consider a few basic properties of primes in the group algebra of an fc. group H. Recall that h(G) denotes the Hirsch number of G. (i) a(Q) is a$nitely generated K-algebra and It follows that B is a finitely generated K-algebra and hence so is a(Q) = (B + Q)/Q. Furthermore, 9(Q) is a finitely generated module over (
since Z is free abelian on precisely h(H) generators. This proves (i). The following is our main result on the center of standard primes. Thus since A is Noetherian, B is also a finitely generated A-module. We
and that B is a finitely generated A-module. This yields (i) and (iv) since A is a finitely generated K-algebra. Furthermore, we have Thus A = B = T(P), so (iii) follows and the lemma is proved.
We remark that by using a norm map rather than a trace map in the above, one can easily show that if A(G) is abelian, then T(P) is a purely inseparable extension of Z(
. W e c ose 1 this section with two examples showing that equality need not occur in (iv). The second one was pointed out to us by I. M. Isaacs.
EXAMPLE.
Let p be a prime and set G = (x, y, x 1 z is central, zp = 1, x-ly-lxy = z).
Then G/(z) = (x) x (7) is free abelian of rank 2. Let char K = p and define
is a commutative domain and P is a prime ideal. Note that P is standard since G = d(G) and P+ = (z) is finite.
Observe that 2 = Z(G) = (xv, yp, z). If A, is the conjugacy class sum of a noncentral element g E G, then it is trivial to see that g hasp conjugates and that
Hence we see that ~uw?l)I(P n 15"w?l)) = WI/P n WI)
and this is not the full center
EXAMPLE.
Unfortunately, the prime in the preceding example was not faithful. We obtain a faithful example here with G a finite group. Let G z S&(4) E Alt, . Then the natural homomorphism
where the latter is the ring of 2 x 2 matrices over GF (4) , certainly extends to an epimorphism p: K[q --f Ms(4) where K = GF(2). In particular, if P = ker p, then P is clearly a faithful prime of K [G] . Furthermore, G = d(G) so P is standard.
Since G&(4) = S& (4) On the other hand, 9(P) = s(Ma(4)) = GF(4), so we have obtained a second counterexample. We note that the field extension here is GF(4)/GF(2) and this is separable. Thus X(I) is a finite direct sum of fields. Furthermore, if I = P is prime, then X(P) is a field extension of K and we define the central rank of P to be c.r. P = t.d. S(P).
THE HEART OF STANDARD PRIMES
In this section we study the heart and central rank of a standard prime. The first two arguments below are based on the work of M. Smith on the case P = 0 (see [7, Theorem 4.4.51) . Recall that if R is a commutative integral domain, then 22(R) denotes its field of fractions. We remark that, as can be seen by the examples at the end of Section 2, equality need not occur in (iv) above.
Let P be a standard prime of K[C;I and let N 4 G. If Q is a minimal covering prime of P n K[N], then it is quite possible that c.r. Q > c.r. P. However, as we will see below, there does exist a prime ideal of K[N] containing P n K[N] which is closely related to this ideal and of small central rank. We first require two lemmas. Recall that a field K is absolute if and only if it is an algebraic extension of a finite field. Hence if K is absolute, then the multiplicative group K' is periodic. On the other hand, if K is nonabsolute, then, since K contains either the rationals Q or the rational function field GF(P)( 5) f or some p, we see that K' contains a free abelian group of infinite rank. 
by the result of the first paragraph. This clearly yields the result.
We remark that If(P) is absolute if and only if K is absolute and c.r. P = 0.
We close this section with an example concerning this special case. is an exceptional case which can indeed occur.
ARBITRARY PRIME IDEALS
The goal now is to extend, when possible, the main results of the last section to arbitrary primes P. This can be done because recent work of Roseblade implies that primes are closely related to standard primes. To be more precise, we start by recalling a definition from [8] .
A group G is said to be orbitally sound if and only if for all subgroups H of G, [G : No(H)] < co implies that [H : coreo H] < co. Here of course, coreo H = n,,o Hx is the largest normal subgroup of G contained in H. It is trivial to see that the orbitally sound property is inherited by quotient groups and by subgroups of finite index. The key results of [8] we need are as follows. is a finite intersection of a full set of G-conjugate minimal covering primes. Now Pi need not be faithful, but its image isi in K[G,,/P,+] will surely be. Furthermore Go/Pi+ is still orbitally sound so (ii) above implies that pi is standard. In this way we see that P is closely related to the standard primes pi . We will use this observation freely in the remainder of this paper. We now consider S(P). 
and in fact the larger ring is a finitely generated left and right module over the smaller ring.
(iii) c.r. P = c.r. Pi .
(iv) X(P) is a finitely generated field extension of K ;f and only if Z(PJ is.
Proof. (i) This is [2, Lemma 3.21.
(ii) We surely have the natural inclusions 
Observe that the image G of G in S(K[q/P) acts by conjugation on R and thus RG = GR is a subring of S containing K[G]/P. Furthermore, since [G : H] < cc and R C R, this implies that RG is finitely generated as both a right and a left R-module. Since R is Artinian, it therefore follows that RG is also Artinian. But then every regular element of K[q/P, being invertible in S, is regular in RG and hence invertible in RG. We conclude from this that S = RG and (ii) is proved. Furthermore, if Z = #(PI) is a finitely generated extension of K, then in turn so are (Z, L) and L = X(P). These are the reverse inequality for (iii) and the reverse implication for (iv) so the lemma is proved.
We remark that in the above proof we actually obtained certain interesting field inclusions. However, for simplicity we chose to avoid formalizing the precise nature of these embeddings in the statement of the lemma. Rather, we just considered, in (iii) and (iv), certain numerical parameters. The following result is now a simple consequence. THEOREM 4.4. Let P be a prime ideal of K [G] . Then S(P) is afinitely generated field extension of K and cr. P < h(G). In other words, we have shown that the main parts of Corollary 3.3 carry over to arbitrary primes. However, as we see in the following example, Theorem 3.2 certainly does not hold in general.
EXAMPLE.
Let NA be the semidirect product of N by A. Here A is torsion free abelian and the group is so chosen that d(NA) = (1). It is clear that such groups exist with A of arbitrary rank. Now let N,A, and NaAa be two isomorphic copies of the latter group and set H = N,A, x N,A, .
Then H admits an obvious interchange automorphism y of order 2 and we set G = H(y). Thus by the above. /3 = k mod I for some k E K. On the other hand, a! maps to the center of M,(R) so its image must be diagonal and hence y E 0 mod I. Thus 01 = k mod P and this fact is proved. Therefore we have shown that X'(P) = F2 K = Z(P).
Since c.r. P = t.d. F = rank A can be chosen arbitrarily large, we see that S(P) can be considerably larger than 22(9?"(P)).
Finally we extend Theorem 3.6 to the case of arbitrary primes. The following lemma is essentially contained in [5] and [9] . If I contains an element which is regular mod&o L, then
InK [H] >LnK[Hj.
In particular, the conclusion holds if L is prime.
Proof.
Let 01 E I be regular modulo L. Then 
PRIMITIVE IDEALS AND RELATED TOPICS
In this final section we study primitive ideals of K[GJ We also briefly consider weakly polycentral rings and absolute primes with regard to the equality S(P) = 9(%"(P)).
LEMMA 5.1. Let P be a prime ideal of K[Gj, let H be a normal subgroup of G of finite index and let Q be a minimal covering prime of P n K[Hj. Then P is primitive ;f and only if Q is primitive.
Proof. This is proved in the first few sentences of [8, Paragraph 9.11. THEOREM 5.2. Let K be a nonabsolute field and let P be a prime ideal of K[G]. Then P is primitive ;f and only if c.r. P = 0 and hence q and only if (s(P) : K) < co.
Proof. Since X(P) is a finitely generated field extension of K by Theorem 4.4, it is clear that c.r P = 0 if and only if (Y(P) : K) < co. Suppose His a normal subgroup of G of finite index. If Q is a minimal covering prime of P n K[H'j, then the previous lemma shows that P is primitive if and only if Q is. On the other hand, by Lemma 4.3, c.r. P = c.r. Q. Thus we are free here to reduce to normal subgroups of finite index. In particular, in view of Theorem 4.1 we can first assume that G is orbitally sound and next that P is faithful. The above result is certainly not true if K is absolute. For example, let G be infinite with L](G) = (1). Then P = 0 is a standard prime and X(P) = S(P) = K so c.r. P = 0. On the other hand, since P is faithful, P cannot be primitive by another result of Roseblade (see [7, Corollary 12.3.81) . Now let K be nonabsolute and let P be a prime ideal of K [G] . Then it is not true that P is primitive if and only if S?(P) is algebraic over K. For instance, in the example of the last section we found a prime P with 9(P) = K but with c.r. P > 0. Hence, by Theorem 5.2 the ideal P is not primitive. The following can be viewed as an analog of Clifford's Theorem. 
XEG
In view of Theorem 4.1, if G is orbitally sound, then all faithful primes P are standard and satisfy S(P) = 22(2?(P)). H owever, orbitally sound groups are not the largest class of groups with the latter property. For example, as we see below, nilpotent-by-finite groups also have this property. The following few results extend work in [4] .
DEFINITION.
A ring R is said to be weakly polycentral if R is Noetherian and if for any prime homomorphic image i? of R and any nonzero two sided ideal 1 of i? we have f n s"(R) # 0. Observe that a theorem of Roseblade and P. Smith ( [7, Theorem 11.3 .111) implies that K[H] is a polycentral ring so
Let G, be the stabilizer of Qi in G. Then clearly Gi stabilizes L, and 2, and since H acts trivially on 2, , we see that the finite group GJH acts on 2, .
Moreover, since Qi n L, = P n K[H], 2, is isomorphically embedded in the center of the prime ring K[H]/Q, so 2, is commutative and has no zero divisors. In particular, if 8~ 2, , p + 0 then is a nonzero element of 2, centralized by G, . Finally, let y EL, be an inverse image of 7 and let{x, , xz ,..., x,} be a right transversal for G, in G with Qp = Qi . Then it is trivial to see that satisfies a EL _CI, 01$ P and 01 is central module P. Thus K[G] is weakly polycentral.
The following result is clearly a theorem about weakly polycentral rings. then I is clearly a nonzero two sided ideal of R and hence it contains a nonzero central element y. Thus y E Z(P) an d since 01y E R is central in 9(R), we have ay E S?(P) and a = (ar)r-' E 2(2(P)).
COROLLARY 5.6 . Let G be a nilpotent-by-finite group. If P is a prime ideal of K[q, then the following are equivalent.
(i) P is primitive.
(ii) 2(P) is a finite algebraic extension of K.
(iii) P is maximal.
(iv) The intersection of all prime ideals strictly containing P is distinct from P. , it is clear that 01$ P. On the other hand, we show that ol E Tt" for all n and hence that 01 E I. Suppose first that n is odd. Then A;" = ,uz and pZ(b -1) = 0 so clearly P"(ar) = 0. Next if n = 2m is even, then since czzfn = cum, d" 2"L = db" we see that Pn(c -d) = h(cu"' -dbm) = 0 and so again h""(a) = 0. Thus 01 E (& T"") K[G] = I and 016 P so I > P and P is not maximal. Corollary 5.6 now implies that P is not primitive. Note also that P is not standard, so G is not orbitally sound.
We close with a few more remarks on the equality s(P) = 9(9"(P)).
A prime ring R is said to be ubsohtely prime if for all fields F > 2(R) the F-algebra R @TL"(~) F is prime. If P is a prime ideal of K[Gj, then we say that P is absolutely prime if R = K[G]/P is an absolutely prime ring. LEMMA 5.7. Let P be a prime ideal of K [G] . If X'(P) = 9(3(P)), then P is ubsolutel-v prime.
Proof. Let R = K[G]/P, Q = 9(R), L = 2(3(R)) and S = LR C Q. If F is a field containing S(R), then F > L and certainly F @km R = F CT& (L C&w R) = F C3k S.
Thus we have the embeddings R C F 6JscR) R = F gL S C F oL Q.
Observe that Q is simple with center X'(P) = L, by assumption, so F gL Q is also simple.
Let T be the set of regular elements of R. Then T is a multiplicatively closed subset of F @~(a) R and each element of T is invertible in the larger ring F or, Q. Furthermore, since elements of Q have common denominators in T, it is clear that T-'(F BkcRj R) = T-l(F oL S) = F &Q.
Thus T is an Ore set in F @zcR) R. In particular, if I is a nonzero annihilator ideal of F @z(a) R (i.e. an ideal which is the right annihilator of some subset of F @&tR) R), then T-II is a nonzero ideal of the simple ring F or, Q. Hence 1 E T-iland I contains a regular element. But this is impossible and so F 83~~) R has no nonzero annihilator ideal. From this we conclude immediately that F @z(a) R is prime. Thus P is absolutely prime.
It is clear that the above is a purely ring theoretic result independent of group rings. An immediate consequence of this along with Theorems 3.2, 4.1 and Corollary 5.5 is the following. COROLLARY 5.8. Let P be a prime ideal of K [G] . If either P is standard, or G is orbitally sound, or G is nilpotent-by-finite, then P is absolutely prime.
Finally we mention that we can actually use this absolutely prime concept to obtain an alternate proof that Z(P) = 22(2'(P)) at least when G is orbitally sound and char K = 0. Namely we first apply Theorem 4.1 and the characteristic zero assumption to show that all prime ideals of K[Gj are absolutely prime. Once this is done, we can reduce our considerations to the case in which K is algebraically closed and Z(P) = K. But then P is primitive with say P = ann V for some irreducible K[Gj-module V. Moreover it is known that S(P) is embeddable in EndK[ol V ([I, Th eorem 3.21) and that this endomorphism ring is algebraic over K ([4, Theorem 1.21). Thus KC S(P) C End,I,l V = K and X(P) = K = 2(3(P)).
